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Abstract 
Aims: Accurate estimation of the three key parameters (sensitivity, time duration in disease-free 
state and sojourn time in preclinical state) in cancer screening are critical. Likelihood method with 
a new link function was applied to the Health Insurance Plan of Greater New York (HIP) breast 
cancer screening data, to estimate the onset age of preclinical state and the sojourn time in the 
preclinical state for breast cancer. 
Materials and Methods: A new link function to model sensitivity as a function of time in the 
preclinical state and the sojourn time was adopted. Markov Chain Monte Carlo simulations were 
used to obtain posterior samples and make inference on the three key parameters. Maximum 
likelihood estimate was also used for comparison.  
Results: The onset age of the preclinical state has a wide range for breast cancer; the peak onset 
age was 65.07 years (95% credible interval [C.I.], 55.76 to 73.02). The mean sojourn time was 2.00 
years (95% C.I., 0.85 to 2.95). The 95 % C.I. for the sojourn time was 0.16 to 5.53 years. Sensitivity 
at onset of the preclinical state was 0.75 (95% C.I., 0.54 to 0.88); and sensitivity at the end of the 
preclinical state was 0.84 (95% C.I., 0.67 to 0.88).     
Conclusion: The HIP study was the oldest breast cancer mass screening. The estimates reflect key 
parameters in those days with lower screening sensitivity. However, it is helpful to know other 
parameters in the planning for future breast cancer screening.  
 
Keywords: Breast Cancer Screening, Sojourn Time, Transition Probability Density, Sensitivity, 
Markov Chain Monte Carlo. 
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1. Introduction 
Breast cancer is the most diagnosed cancer 
among American women. In 2021, it is 
estimated that about 30% of newly diagnosed 
cancers in women will be breast cancers [1]. 
About 1 in 8 U.S. women (i.e., 12.5%) will 
develop invasive breast cancer in her lifetime. 
An estimated 281,550 new cases of invasive 
breast cancer are expected to be diagnosed in 
women in the U.S., along with 49,290 new 
cases of non-invasive (in situ) breast cancer in 
2021 [1]. The average 5-year survival rate for 
women with non-metastatic invasive breast 
cancer is 90% [2], however, the 5-year survival 
rate for women with metastatic breast cancer 
is only 28% [3]. Therefore, early detection 
through screening exam is important and 
could improve breast cancer survival when 
combined with efficient treatments. The goal 
of screening exam is to catch the disease in its 
preclinical state, when patients have better 
prognosis. 
 
This is a brief review of the commonly used 
disease progressive model with three states: 

𝑆0 →  𝑆𝑝 →  𝑆𝑐 . 𝑆0  is the disease-free state, 

when a person does not have the disease, or 
the disease is at an early stage that cannot be 
detected by any exam. 𝑆𝑝  is the preclinical 

disease state, where an asymptomatic 
individual unknowingly has the disease that an 
exam can detect. 𝑆𝑐 is the clinical state when 
clinical symptoms appear.  
 
There are three key parameters in cancer 
screening: screening sensitivity, sojourn time 
distribution and transition density. Sensitivity 
is the probability of getting a positive test 
result when one is in the preclinical state. 
Sojourn time is defined as the length of time 
that one will stay in the preclinical state. 
Transition density measures the length of time 
that one stays in the disease-free state. Since 

all other terms, such as lead time, over-
diagnosis, are functions of these three, it is 
important to get accurate estimation of them. 
And this is the goal of this study.  
 
Many research has been done in modeling and 
estimating the three key parameters [4-10]. 
Wu et al. (2005) has developed a method to 
model screening sensitivity as a function of a 
woman’s age [6], however, more evidence 
seems to point out that sensitivity may 
depend more on how long one has stayed in 
the preclinical state rather than one’s age. And 
Wu et al. (2021) found a better way to link the 
sensitivity with the sojourn time and to find 
the MLE and the Bayesian posterior samples 
for the three key parameters [7]. In this study 
we will apply that method to the Health 
Insurance Plan of Greater New York (HIP) data 
to estimate the three key parameters in breast 
cancer. 
 
2. Materials and Methods 
The Health Insurance Plan of Greater New 
York (HIP) is the first randomized mass breast 
cancer screening trials in North America. It 
was initiated in December 1963, with about 
62,000 asymptomatic women randomized to 
the study and the control group. The study 
group participated in 4 annual screening 
exams, and each exam consists of a 
mammogram and a clinical physical exam, 
while the control group did not have any 
screening except usual care. We will use the 
HIP study group screening data in the first four 
years.  
 
We apply the same method in Wu et al. (2021) 
[7] to the HIP breast cancer screening data. 
We let 𝛽(𝑠|𝑆)  be the screening sensitivity, 
where 𝑠  is the time one has stayed in the 
preclinical state and 𝑆 is the total sojourn time 
in the 𝑆𝑝 , and 0 ≤ 𝑠 ≤ 𝑆. We define 𝑤(𝑡) as 
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the probability density function (PDF) of the 
time duration in the disease-free state 𝑆0, one 
can also consider 𝑤(𝑡)𝑑𝑡  as making a 
transition from 𝑆0  to 𝑆𝑝  in the time interval 
(𝑡, 𝑡 +  𝑑𝑡). We let 𝑞(𝑥)  be the PDF of the 

sojourn time in 𝑆𝑝, and 𝑄(𝑧) = ∫ 𝑞(𝑥)𝑑𝑥
∞

𝑧
 is 

the survival function of the sojourn time.  
 
For a cohort of asymptomatic women with age 
 𝑡0 at the first exam, assume that there are 
𝐾 ordered screening exams at ages  𝑡0 <

  𝑡1 < ⋯ <  𝑡𝐾−1. We let  𝑡−1 =  0 . At the 
 𝑡𝑖−1 , let 𝑛𝑖,𝑡0

 be the total number of 

individuals examined at the 𝑖 th exam, 𝑠𝑖,𝑡0
is 

the number of diagnosed cases at the 𝑖 th 
exam, and 𝑟𝑖,𝑡0

 is the number of clinical 

incident cases in (𝑡𝑖−1, 𝑡𝑖), 𝑖 = 1, … , 𝐾.  For 
the HIP study, 𝐾 = 4,  and the age of 
participants enrolled was between 40 to 64 at 
the study entry, the likelihood function for all 
age groups is: 

 

𝐿 = ∏ ∏ 𝐷𝑘,𝑡0

𝑠𝑘,𝑡0  𝐼𝑘,𝑡0

𝑟𝑘,𝑡0  (1 − 𝐷𝑘,𝑡0
− 𝐼𝑘,𝑡0

)
𝑛𝑘,𝑡0−𝑠𝑘,𝑡0−𝑟𝑘,𝑡𝑜   

4

𝑘=1

64

𝑡0=40

 

      (1) 
where 𝐷𝑘,𝑡0

is the probability that an individual is diagnosed at the 𝑘th exam given that she is in 

𝑆𝑝 and 𝐼𝑘,𝑡0
 is the probability of interval case in (𝑡𝑘−1,  𝑡𝑘), as given in Wu et al. (2021) [7]:  

𝐷1,𝑡0
= ∫ 𝑤(𝑥)

𝑡0

0

∫ 𝑞(𝑡)𝛽(𝑡0 − 𝑥|𝑡)𝑑𝑡𝑑𝑥.
∞

𝑡0−𝑥

 

And for 𝑘 = 2, … , 𝐾,  

𝐷𝑘,𝑡0
= ∑ ∫ 𝑤(𝑥)

𝑡𝑖

𝑡𝑖−1

𝑘−2

𝑖=0

∫ 𝑞(𝑡)
∞

𝑡𝑘−1−𝑥

𝛽(𝑡𝑘−1 − 𝑥|𝑡) {∏[1 − 𝛽(𝑡𝑗 − 𝑥|𝑡)]

𝑘−2

𝑗=𝑖

}  𝑑𝑡 𝑑𝑥 

+ ∫ 𝑤(𝑥) ∫ 𝑞(𝑡)
∞

𝑡𝑘−1−𝑥

𝛽(𝑡𝑘−1 − 𝑥|𝑡)𝑑𝑡 𝑑𝑥

𝑡𝑘−1

𝑡𝑘−2

 

 

𝐼𝑘,𝑡0
=       ∑ ∫ 𝑤(𝑥)

𝑡𝑖

𝑡𝑖−1

𝑘−2

𝑖=0

∫ 𝑞(𝑡)
𝑡𝑘−𝑥

𝑡𝑘−1−𝑥

{∏[1 − 𝛽(𝑡𝑗 − 𝑥|𝑡)]

𝑘−1

𝑗=𝑖

} 𝑑𝑡 𝑑𝑥 

+ ∫ 𝑤(𝑥)[1 − 𝑄(𝑡𝑘 − 𝑥)]
𝑡𝑘

𝑡𝑘−1

𝑑𝑥, 

Parametric link functions are used here: 𝛽(𝑠|𝑆) =  [1 + exp(−𝑏0 − 𝑏1𝑥)]−1 , where 𝑥 =
𝑠

𝑆
∈

[0,1], 𝑏0 ≥ 0, 𝑏1 ≥ 0. And  

𝑤(𝑡|𝜇, 𝜎2) =  
0.2

√2𝜋𝜎𝑡
exp {−

(𝑙𝑜𝑔𝑡 − µ)2

2𝜎2
} 

               
𝑞(𝑥|𝛼, 𝜆) = 𝛼𝜆𝑥𝛼−1 exp(−𝜆𝑥𝛼), and 𝑄(𝑥) = exp(−𝜆𝑥𝛼), with 𝜆 > 0 𝑎𝑛𝑑 𝛼 > 0.  

There are 6 unknown parameters 𝜃 =
(𝑏0, 𝑏1, 𝜇, 𝜎2 , 𝜆  , 𝛼 ) in the parametric link 
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functions. We use two methods to estimate 𝜃, 
the Maximum likelihood estimate (MLE) and 
the Bayesian posterior samples of 𝜃.  
 
3. Results 
We applied our method to the HIP study group 
data. To find the MLE, we used the built-in 
function “nlminb” in R. To obtain the Bayesian 
posterior samples, we used Markov Chain 
Monte Carlo simulation and Gibbs sampler 
with non-informative priors for three sub-
chains (𝑏0, 𝑏1), (𝜇, 𝜎2), (𝜆 , 𝛼). The sensitivity 
was estimated to be around 0.76 using the 

empirical method 
∑ 𝑠𝑖

∑ 𝑠𝑖+∑ 𝑟𝑖
 (that is, using all 

screen-detected cases divided by the total 
cancer cases, including both screen-detected 
and interval cases), so uniform prior was 
chosen for (𝑏0, 𝑏1), with a boundary of 𝑏0 ≥
0, 𝑏1 ≥ 0, and 𝑏0 + 𝑏1 ≤ 2, such that 
sensitivity at the onset of the 𝑆𝑝 has a lower 

bound of [1 + exp(−𝑏0)]−1 = [1 +
exp(−0)]−1 = 0.5, and sensitivity at the end 
of the 𝑆𝑝 (or the onset of the 𝑆𝑐) has an upper 

bound of [1 + exp(−𝑏0 − 𝑏1)]−1 =  [1 +
exp(−2)]−1 = 0.88. The prior distribution for 
(𝜇, 𝜎2) and (𝜆  , 𝛼) are both non-informative 
bivariate Normal with (0,0) as the mean and a 
diagonal matrix as the variance with 1010 on 

the diagonal. The jumping density of the 
candidates were bivariate Normal centered at 
the current values. Twelve chains ran 6000 
steps with over dispersed initial values. After a 
burn-in of 1000 steps, the Gelman-Rubin 
statistics were calculated and the chains 
showed convergence, and then we thin the 
chain every 100 steps and provide 50 posterior 
samples from each chain, the pooled posterior 
sample is 600. Figure 1 is the trace plot of the 
pooled posterior samples, which looks like 
random noise. Figure 2 is the estimated 
density curve for the six parameters. The MLE 
and the posterior mean, median, standard 
error (S.E.) and the corresponding 95% highest 
posterior density (HPD) credible interval (C.I.) 
for parameters 𝜃 are listed in Table 1. 
Table 1 shows that the MLEs and the 
corresponding posterior medians are close to 
each other, except for 𝑏0. This is compatible 
with the density of 𝑏0 in Figure 2, which is flat 
in a large interval, while all other parameters 
have a density of unimodal. Based on the MLE 
and the posterior samples, we can obtain 
information on the sensitivity, the transition 
age into the preclinical state and the sojourn 
time in the preclinical state.  
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Figure 1: Trace Plot of the 600 pooled posterior samples. 
 
 
Table 1: MLE and Bayesian posterior estimates using the HIP data.  
 

Parameter MLE 
Bayesian posterior estimate 

Mean Median S.E. 95% C.I. 

𝑏0 0.000 1.075 1.081 0.553 (0.142, 1.976) 

𝑏1 0.216 0.489 0.363 0.436 (0.001, 1.404) 

𝜇 4.361 4.350 4.344 0.062 (4.228, 4.462) 

𝜎2 0.133 0.177 0.164 0.059 (0.087, 0.299) 

𝜆 0.231 0.495 0.478 0.281 (0.115, 0.779) 

𝛼 1.388 2.240 1.395 1.999 (0.260, 6.962) 
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Figure 2: Estimated density of 𝜃 = (𝑏0, 𝑏1, 𝜇, 𝜎2, 𝜆 , 𝛼). 
 
If we use the MLE (𝑏0, 𝑏1) = (0, 0.216), the 
sensitivity at the onset of 𝑆𝑝 would be  

�̂�0 =
1

1+exp(−�̂�0)
= 0.5, and at the end of 𝑆𝑝, 

�̂�1 =
1

1+exp(−�̂�0−�̂�1)
= 0.554 . For Bayesian 

inference, we can use all 600 posterior 
samples of (𝑏0, 𝑏1), and each pair can provide 
an estimate of (𝛽0, 𝛽1), so we get 600 pairs of 
the onset sensitivity and the end-of-state 

sensitivity. The mean, the median and the 95% 
highest posterior density (HPD) credible 
interval at the onset of 𝑆𝑝 are 0.73, 0.75 and 

(0.54, 0.88) correspondingly; and the numbers 
become 0.82, 0.84, and (0.67, 0.88) at the end 
of 𝑆𝑝, see Table 2. The sensitivity as a function 

of 𝑥 = 𝑠/𝑆, (where 𝑠 is the time one stayed in 
the preclinical state, and 𝑆 is the sojourn time, 
0 ≤ 𝑠 ≤ 𝑆 ) using the posterior mean of 
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(𝑏0, 𝑏1)  was plotted as the dotted line in 
Figure 3. The pointwise average of sensitivity 
and its 95% corresponding C.I. using all 

posterior samples are plotted in the same 
graph.  

 
Table 2: Estimated sensitivity, transition age and sojourn time based on the MLE and posterior 
samples.  

 
MLE 

Posterior samples 

Mean Median 95% C.I. 

𝛽0 0.50 0.73 0.75 (0.54, 0.88) 

𝛽1 0.55 0.82  0.84 (0.67, 0.88) 

     

 Mean, median, 
mode 

Mean Median Mode 

w(t) 83.72, 78.34, 68.58 84.92 (73.75, 
98.55) 

77.64 (68.60, 
86.69) 

65.07 (55.76, 
73.02) 

q(x) 2.62, 2.21, 1.15 2.00 (0.85, 2.95) 1.34 (0.86, 1.90) 0.66 (0.00, 1.37) 

 
 

 
Figure 3: Estimated posterior mean sensitivity, pointwise sensitivity and 95% HPD C.I.  
 
We can estimate the transition age from the 
disease-free to the preclinical state using the 
estimate of (𝜇, 𝜎2). For the lognormal PDF of 

w(t), the mean equals 𝑒𝜇+
1

2
𝜎2

, the mode is 

𝑒𝜇−𝜎2
, the median is 𝑒𝜇 , and the standard 

deviation is √𝑒2𝜇+2𝜎2
− 𝑒2𝜇+𝜎2

. We plug in 
the MLE of (𝜇, 𝜎2) = (4.361, 0.133)  to get 
the mean transition age of 83.72 years, 
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median transition age is 78.34 years, with a 
mode (peak) transition age at 68.58 years and 
the standard deviation of 31.58 years. We can 
use all 600 posterior samples to estimate the 
time duration in the disease-free state: each 
pair (𝜇, 𝜎2) would generate a curve for w(t), 
hence provide the corresponding mean, 
median and mode (in years), and we can get 
the average and the corresponding 95% C.I. 
(i.e., empirical HPD interval) in Table 2. The 
density curve using the posterior mean 
(dotted line) and pointwise posterior average 
(solid line) with the 95% pointwise credible 
band were plotted in Figure 4. We can 
estimate the HPD interval for the density w(t) 
as well. Since each pair of (𝜇, 𝜎2)  would 
provide a density of w(t) and a corresponding 
90% HPD interval for w(t), we can take the 
average of the HPD intervals to get a better 
estimate. The 90% HPD interval for w(t) is 
(31.33, 137.61) years, and the 75% HPD 
interval for w(t) is (38.89, 109.88) years. If we 

use the MLE of (𝜇, 𝜎2), the 75% and the 90% 
HPD interval for w(t) are (43.84, 107.28) and 
(36.21, 129.88) correspondingly. The 
probability that the disease-free state lasts 
longer than 50 years old is about 85.46% 
among those who would develop breast 
cancer. The United States Preventive Services 
Task Force (USPSTF) recommends biennial 
screening mammography for women aged 50 
to 74 years [4]. Therefore, we calculate the 
probability of making a transition to the 
preclinical in this age interval (50, 74), and it is 
31.32%. This estimate may not be appropriate 
since human lifetime is assumed unlimited in 
the lognormal PDF of w(t). However, if we use 
the average lifetime of US women, which is 
80.5 years, then the conditional probability of 
making a transition from the disease-free to 
the preclinical state in the age interval (50, 74) 
would be approximately 
𝑃(50 ≤ 𝑇1 ≤ 74|𝑇1 ≤ 80.5) = 57.96% , 
which is still not very large.  

 
 

Figure 4: Posterior quantities (2.5%, 50%,97.5%) of transition probabilities 
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We can estimate the mean sojourn time from 
the estimates of (𝜆 , 𝛼). Since the sojourn time 
follows the Weibull distribution, the 𝑟 th 

moment is 𝐸(𝑋𝑟) =  
Γ(1+

𝑟

𝛼
)

𝜆
𝑟
𝛼

 for any 𝑟 >
1

𝛼
; the 

median is (𝑙𝑛2/𝜆)
1

𝛼; and the mode is (
𝛼−1

𝜆𝛼
)

1

𝛼
 if 

𝛼 > 1. If we use the MLE of (𝜆 , 𝛼) = (0.231, 
1.388), the mean, median and mode are 2.62, 
2.21 and 1.15 years correspondingly. If we use 
all 600 posterior samples, each pair (𝜆  , 𝛼 ) 
provides a density curve q(x), from which we 
can obtain the mean, median, and mode, then 
we take the average and find the 

corresponding 95% C.I. and summarize in 
Table 2. The mean, median and mode of the 
sojourn time are 2.00, 1.34, and 0.66 years, 
shorter than that using the MLE estimate. 
Similarly, from each density curve, we can 
obtain a 95% HPD interval for the sojourn time 
itself, and taking the average, the 90%, 95% 
and 99% HPD intervals for the sojourn time in 
the preclinical state are (0.19, 3.96), (0.16, 
5.53), and (0.10, 11.79) years correspondingly. 
The density curve q(x) using the posterior 
mean, using the pointwise posterior average 
and the 95% pointwise HPD band were plotted 
in Figure 5. 

 
Figure 5: Posterior quantities (2.5%,50%,97.5%) of sojourn time probabilities 
 

4. Discussion and Conclusion 
We applied the likelihood method with a new 
link function to the HIP data, to get the MLE 
and Bayesian posterior samples for the model 
parameters 𝜃 , and then using the model 

parameters to estimate the three key 
parameters: sensitivity, transition density and 
sojourn time.  
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The result shows that the mean sensitivity is 
0.73 and median sensitivity is 0.75 at the onset 
of the preclinical state with the 95% C.I. (0.54, 
0.88), and it is 0.82 (mean) and 0.84 (median) 
at the end of the preclinical state (or the onset 
of the clinical state), with the 95% C.I. (0.67, 
0.88). This is compatible with the 
epidemiology estimate of the sensitivity of 
0.76, which is a rough estimate of the overall 
sensitivity [8]. There was many research using 
the HIP data to estimate screening sensitivity 
for breast cancer, with the assumption that 
either sensitivity was fixed, or it depends on 
one’s age [6]. This project is the first one using 
the HIP data to estimate the sensitivity as a 
function of time in the preclinical state relative 
to the total sojourn time. It enables us to 
estimate the sensitivity at the onset and at the 
end of the preclinical state, which is an 
improvement over the existing ones. This 
improvement also makes it possible to 
improve other modeling in cancer screening, 
such as how to estimate the lead time and 
overdiagnosis, and how to schedule the future 
screening exams, since all other terms are 
functions of the three key parameters.  
 
Bayesian posterior samples make it easy to 
estimate credible intervals for the time 
duration in the disease-free state and the 
sojourn time in the preclinical state. Using the 
600 posterior samples of (𝜇, 𝜎2), the 75% and 
the 90% HPD interval for the disease-free state 
time duration are (38.89, 109.88) and (31.33, 
137.61) years respectively. This shows that the 
onset age for breast cancer could span a much 
larger age interval than we thought. The peak 
transition age (i.e., the mode) from the 
disease-free to the preclinical state is 65.07 
years, with the 95% credible interval (55.76, 
73.02) years, which is compatible to the result 
in Wu et al. (2005) [6], although that paper did 
not estimate this credible interval. The 

estimated probability of making a transition 
from the disease-free state to the preclinical 
state in the age interval [50, 74] is 
approximately 58%, very low, given that this is 
the age interval currently recommended for 
breast cancer screening by the US Preventive 
Services Task Force.  
 
Using the posterior samples, the mean sojourn 
time is 2.00 years, and the median sojourn 
time is 1.34 years. The 90% and 95% credible 
interval for the sojourn time in the preclinical 
state is (0.19, 3.96) and (0.16, 5.53) years 
respectively. This implies that breast cancer 
has a relatively large variation regarding the 
time duration in the preclinical state: some 
fast-growing tumor may have a very shorter 
sojourn time and hard to get detected by 
screening; some slow-growing tumor may 
have a longer sojourn time and hence easier 
to get detected by screening. Overall, the time 
duration in the preclinical state is relatively 
large to carry out screening and catch the 
disease early.   
 
Finally, the HIP study is the earliest study on 
breast cancer screening carried out in the 
1960s. Since then, mammogram for breast 
imaging has improved a lot, and digital 
mammogram has gradually replaced 
traditional technology [9], hence the 
screening sensitivity has increased 
dramatically. However, this project still 
provides very useful information regarding the 
time duration in the disease-free state and 
sojourn time in the preclinical state, both are 
very important in the planning of future 
screening. Currently the US Preventive 
Services Task Force recommends biennial 
screening for women’s breast cancer from 50 
to 74 years old. Our estimate shows that the 
probability to enter the preclinical state in the 
age interval (50,74) is less than 60% among 
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those at risk, which is low, and a larger age 
interval maybe more appropriate. On the 
other hand, other factors such as cost or risk, 
must be balance in practice as well. We are 
also considering improving our likelihood 
function in future research [10-12].  
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