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𝑇

𝑑

𝑡 𝑃(𝑥, 𝑡)

𝑃(𝑑, 𝑡) ∝ 𝑃(𝑋 ≤ 𝑑|𝑡):=F(d)   or   𝑃(𝑑, 𝑡) ∝ 𝑃(𝑇 ≤ 𝑡|𝑑): = 𝐺(𝑡) (2.1)
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𝑑

𝑖

𝑖 + 1

𝑖 − 1

𝑖 𝑎𝑖 + 𝑏𝑖𝑑

𝑎𝑖 > 0 𝑏𝑖 ≥ 0 𝑎𝑖

𝑑 = 0

𝑡 𝑘

𝑡

𝑘

𝐹(𝑑, 𝑡) = 1 − 𝑒𝑥𝑝[ − (𝑎1 + 𝑏1𝑑)(𝑎2 + 𝑏2𝑑)⋯ (𝑎𝑘 + 𝑏𝑘𝑑)𝑡
𝑘/𝑘!]. (2.2)

𝐺(𝑑) = 1 − 𝑒𝑥𝑝[−(𝜃0 + 𝜃1𝑑 +⋯+ 𝜃𝑘𝑑
𝑘)] (2.3)

𝜃𝑖 𝑖 = 0,1, … , 𝑘

𝜗𝑖 = 𝜃𝑖(𝑡) = 𝛼𝑖 + 𝛽𝑖𝑡

𝑘

𝑘

𝜗𝑖 = 𝜃𝑖(𝑡)

𝑙𝑜𝑔

𝑙𝑜𝑔

𝑙𝑜𝑔 − 𝑙𝑜𝑔
 

 

 

𝜆(𝑡) = 𝑐(𝑡 − 𝑡0)
𝑘−1,  𝑐 > 0,  𝑘 ≥ 1,   or  𝑙𝑜𝑔 𝜆(𝑡) = 𝑙𝑜𝑔 𝑐 + (𝑘 − 1) 𝑙𝑜𝑔( 𝑡 − 𝑡0) (2.4)

𝑡0

𝑓(𝑡) = 𝑐(𝑡 − 𝑡0) 𝑒𝑥𝑝[ −
𝑐

𝑘
(𝑡 − 𝑡0)

𝑘]. (2.5)

 

𝐵

ℎ ℎ =  𝑝𝐵𝑞 𝑝 𝑞

𝑞

𝑞 ≈ 0.75

𝑑



 

 

𝑥 = 𝑑 𝑥

𝐹(𝑑) = 𝑃(𝑋 ≤ 𝑑) = 𝑃( ≤ 𝑑)

𝐹(𝑑)

"𝑑"

𝑌𝑖 = {

1  𝐹(𝑑)      

0  1 − 𝐹(𝑑)

𝜃 ∈ 𝛩 ⊆ 

 

 

 

𝑃(𝑑) = 𝛷(𝜇 + 𝜎𝑑),

𝛷

𝜇 𝜎 >

0

𝑙𝑜𝑔

𝑃(𝑇 ≤ 𝑡) = 1 − 𝑒−(𝜃𝑡)
𝜅

𝜆(𝑡) = 𝜅 𝜃𝜅 𝑡𝜅−1 (2.6)

𝜃 𝜅 > 0

𝜅 > 1

𝜅 < 1 𝑥 =

 ((𝜅– 1) 𝜅⁄ )1/𝜅



 

 𝜃

𝜃∗ = (
𝑑

∑𝑡𝑖
𝜅)

1/𝜅

. (2.7) 

𝑙𝑜𝑔 𝑙

𝐼𝜃𝜃 = −
𝜅𝑑

𝜃2
− 𝜅(𝜅 − 1)𝜃𝜅−2∑𝑡𝑖

𝜅 ,   𝐼𝜅𝜅 = −
𝑑

𝜅2
− 𝜃𝜅∑𝑡𝑖

𝜅[𝑙𝑜𝑔(𝜃𝑡𝑖)]
2

𝐼𝜃𝜅 =
𝑑

𝜃
− 𝜃𝜅−1(1 + 𝜅 𝑙𝑜𝑔 𝜃)∑𝑡𝑖

𝜅 − 𝜅𝜃𝜅−1∑𝑡𝑖
𝜅 𝑙𝑜𝑔 𝑡𝑖 ,

2 × 2

𝐼𝜃𝜃 𝐼𝜅𝜅

 

 

𝑇(𝑥; 𝜃) = 𝑃(𝑦 = 1|𝑥, 𝜃) = 𝑒𝑥𝑝(𝜃𝑢) = 1𝑃(𝑦 = 0|𝑢, 𝜃)

(𝜃) = −∑𝑥𝑖𝑦𝑖 − ∑(1 − 𝑦𝑖)[𝑥𝑖𝑒𝑥𝑝(−𝜃𝑥𝑖)]/[1 − 𝑒𝑥𝑝(−𝜃𝑥𝑖)]

∑ 1 𝑛

𝑥𝑜𝑝𝑡 = 1.59/𝜃 𝑝 =

0.2

𝜃

𝑝 = 𝑃(𝑦 = 1|𝑥, 𝜃)

[0.025, 0.975]

 

𝐸

𝑆

𝐸𝑆

𝑃

𝐸 +  𝑆     

 𝑘1 
→    

 𝑘2 
←    

     𝐸𝑆     
 𝑘3 
→         𝐸 +  𝑃

𝑘1 𝑘2 𝑘3

𝐾𝑀 =
𝑘2+𝑘3

𝑘1

𝑉𝑚𝑎𝑥 = 𝑘3𝐶𝑇𝑂𝑇 , 𝐶𝑇𝑂𝑇 =

𝐾𝑀 𝑉𝑚𝑎𝑥

𝑉𝑚𝑎𝑥

𝑢 𝐶𝑆



 

𝑢 =
𝑉𝑚𝑎𝑥𝐶𝑆

𝐾𝑀+𝐶𝑆
(3.1)

𝑓(𝑥, 𝜃) = 𝑢

𝜃 = (𝑉𝑚𝑎𝑥 , 𝐾𝑀) 𝑥 = 𝐶𝑆

𝑦𝑖 = 𝑢𝑖 + 𝑒𝑖 𝑖 = 1,2, … , 𝑛

𝑦𝑖
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𝐵 = 1 +
𝑛

𝑛−2

1

√𝐹
(3.2) 

 

𝐹 𝐹

(𝜃 − 𝜃)
𝑇
𝐼(𝜃, 𝜉)(𝜃 − 𝜃) ≤ 𝐵𝑝𝑠2𝐹(𝑎; 𝑝, 𝑛 − 𝑝) (3.3)

𝐵 = 1

𝑠2 𝜎2 𝑠2 =
1

𝑛−2
∑ (𝑦𝑖 − 𝑦̂𝑖)

2𝑛
𝑖=1

 

𝑉𝑚𝑎𝑥 𝐾𝑀

 

  

 

 

𝑉𝑚𝑎𝑥/𝐾𝑀 𝜎2
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𝑉𝑚𝑎𝑥

𝐷

𝑢 =
𝑉𝑚𝑎𝑥𝐶𝑆
𝐾𝑀 + 𝐶𝑆

+ 𝜃0𝐶𝑆

𝜃 = (𝑉𝑚𝑎𝑥 , 𝐾𝑀, 𝜃0)

𝑉𝑚𝑎𝑥 𝜃0

𝐷𝑆

𝜃0

𝐾𝑀



 

 𝑈 >> 𝐾0 𝑈

𝐾0 𝐷

𝑈

𝐾0

𝐶𝑆 ≅ 𝐾0

𝐷

(𝑉𝑚𝑎𝑥 , 𝐾𝑀)

𝐷 𝜑 =

𝑉𝑚𝑎𝑥/𝐾𝑀

𝑝 𝑛
𝑛𝑝

2
𝑈

𝐾0 𝑈 𝐶𝑆

(1−𝑝)𝑛

2
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Multistage Models (MM) Generalized Multistage Models (GSM) 
or Cell Interaction Models 

Level III 

Global Models Cell Kinetic Models 

Level II 

Mechanistic Models Tolerance Distribution Models (TDM) 

Level I 

PROBABILITY MODELS OF CARCINOGENESIS 

 

𝐹(𝑥) =

1 –  𝑒𝑥𝑝(−𝜃𝑥), 𝜃 > 0 𝑥 ≥ 0

𝐹(𝐿𝑝) = 1 − 𝑒𝑥𝑝( − (𝜃𝐿𝑝)
𝜅 ⇒ 𝐿𝑝 = (−

1

𝜃𝜅
𝑙𝑛( 1 − 𝑝))

1/𝜅

(5.1)
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 2𝑘 2𝑘−𝑞

 𝐷

  

 

 

𝑋 = (𝑋1, … , 𝑋𝑝)
𝑇

  

𝑙𝑜𝑔{𝑝(𝑥)/(1 − 𝑝(𝑥)} = 𝑥𝑇 = 𝛽0 + 𝛽1𝑥1 +⋯+ 𝛽𝑝𝑥𝑝,

  

𝑝(𝑥) = 𝐿𝑜𝑔𝑖𝑡−1(𝑥𝑇𝛽)

 

  

 

𝐶𝑆2

𝑅𝑅 = 𝑒𝑥𝑝(𝛽1)

𝐻0: 𝑅𝑅 = 1 𝐻1: 𝑅𝑅 ≠ 1
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125

𝑅𝑅 = 1.42

𝑅𝑅 = 1.04 𝑝 < 0.05 𝑅𝑅
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