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Topology-only Local Network Alignment, Part 1. Seeds:
Large Exact Subgraph Isomorphisms Using a Deterministic
Graphlet Index
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ABSTRACT

Networks are used to model complex interactions between microscopic entities such as genes, gene products, and
drugs, as well as the dynamics of epidemic spread through populations and predator-prey relationships. The
comparison and alignment of biological networks can aid in understanding protein and gene function, as well as
potentially predicting the effect of new drugs with similarities to existing ones. Spurred by recent results
demonstrating that network topology alone can predict protein function even in the complete absence of sequence
similarity, here we introduce the first algorithm designed for topology-only local graph matching (a.k.a. local
network alignment or subgraph isomorphism). BLANT (Basic Local Alignment of Network Topology) first creates a
limited, high-specificity index independently for each input graph, containing connected k-node induced subgraphs
called k-graphlets, for k=6—15. The index is constructed in a deterministic way such that, if significant common
network topology exists between two networks, their indexes are likely to overlap. This is the key insight which
allows BLANT to discover alignments using only topological information. To find perfect local alignments between
two networks, BLANT queries their indices for perfect k-graphlet matches. We then perform limited expansion of
these exact matches to larger, highly similar alignments (S3 > 0.95) of up to 150 node-pairs. Unlike previous
“local” alignments that rely on a pre-processing via global network alignment— thus being limited to finding
locally similar regions embedded in the global similarity structure— 50% of node our pairs differ from their
“assigned” global counterpart. These results compare favorably against the baseline, a state-of-the-art local
alignment algorithm which was adapted to be topology-only. Our alignments are 3x larger and differ 30% more
(additive) more from the global alignment than alignments of similar topological similarity (S3 =0.95) discovered
by the baseline. Just as BLAST uses exact k-mer matches as seeds for local sequence alignment, our regions of
extremely high network similarity can then be used as seeds which can be extended larger, less perfect local
network alignments.

Index Terms—local network alignment, biological networks, social networks, graph indexing
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l. Introduction

Network alignment, or graph matching, is a common graph mining problem that involves finding topologically similar
regions between two or more networks. This problem has applications in a wide variety of fields, including bioinformatics
2, linguistics 3, neuroscience 4, social networks 5, and image recognition ¢. Although topology-only network alignment
produced little of value for its first decade, we recently explained that failure in the case of global network alignment 7,
and showed how topology-only global network alignment is able to predict protein function even between protein pairs
that have no observable sequence similarity 8. In this and an upcoming companion paper, we extend these results to
topology-only local network alignments, potentially paving the way to novel predictions of protein function and

potentially aiding drug design.

Being a generalization of subgraph isomorphism, network alignment is NP-hard ?, so many heuristic algorithms exist to
approximately solve it. In this paper we consider only the case of aligning two networks, although our algorithm can
easily be extended to the multiple network case. Network alignment can be either local or global 0. Global network
alignment algorithms map all the nodes from the smallest network to the larger one(s), which is useful for quantifying the
overall similarity between the networks. By contrast, local alignment algorithms find smaller conserved regions between
networks with high local similarity but not necessarily high global similarity. The two approaches yield complementary

insights 10-12, motivating the need to research both types of algorithms.

In addition to the distinction between global and local, another key characteristic of a network alignment algorithm is
whether it uses information beyond the graph’s topology. For example, an alignment algorithm may rely heavily on
domain specific node attributes like usernames in a social network 13, protein sequences in a biological network 4, or
entity attributes in a knowledge graph 5. Some algorithms do not use node attributes but do rely on pre-aligned anchor
nodes 1617, However, these attributes or anchors are difficult to obtain and reduce the algorithms’ generalizability (cf.

§V-B).

On the other end of the spectrum, there are alignment algorithms which rely solely on topological information 18-20, These
algorithms remove the significant cost of gathering domain-specific attributes or anchors and can also generalize to
networks in any domain. Additionally, such algorithms may discover unique insights hidden in the topology of the graph
itself 7.8, However, the topology-only algorithms listed above are all global alignment algorithms. To the best of our
knowledge, there do not currently exist any local alignment algorithms which use only topological information. BLANT

seeks to fill this gap in the state of the art.

Designing a topology-only local alignment algorithm is nontrivial, because it is difficult to adapt existing techniques from
either topology-only global aligners or non-topology-only local aligners. Topology-only global alignment algorithms
operate on the entire graph as a whole, such as by randomly permuting the alignment in an evolutionary manner or by
aligning and embedding of both graphs (see §V-A for more discussion). These techniques optimize for global similarity
and thus miss small regions of high local similarity 10. The technique of creating a global alignment first and then mining
it for local alignments, used by 2!, does not solve this fundamental issue either, which is why we consider such algorithms
to be global alignment algorithms. In summary, it is necessary to develop an approach which exclusively operates locally,

not globally, in order to discover locally conserved regions which are not discovered by global alignment.

However, local approaches are intrinsically difficult to develop using only topological information because of a
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fundamental tension between complexity and information specificity. If only topology is used, individual nodes are
indistinguishable; only larger structures contain enough information specificity in order to inform alignment. However, as
the size of the desired structures increases, the number of said structures in the graph grows exponentially 22, resulting in
unacceptable complexity. Existing non-topology-only local aligners do not face this tension, making it difficult to adapt
such algorithms to be topology-only. With node attributes, two individual nodes may already include enough information
to be aligned. With anchors, the algorithm may “collapse” a significant amount of complexity by “percolating” the

alignment to its neighbors.

In order to overcome this tension, BLANT uses the innovative approach of deterministically mining graphlets—small induced
subgraphs of a larger network—from a graph to create a graphlet index. BLANT’s key insight is that, if the networks
being aligned actually contain highly similar regions, then a deterministic mining algorithm will likely extract similar lists
of graphlets from the regions of similarity. This idea resolves the tension between complexity and information, as we are
able to mine a tractable set of graphlets that are large enough that their topology alone is usable as an identifier.
Specifically, we mine graphlets of 6—15 nodes with BLANT, while the exhaustive enumeration algorithm ORCA 23 only
outputs graphlets of 5 nodes as anything more is intractable. Additionally, the inclusion of a graphlet into the
deterministically mined set is, in itself, important information. Even if a certain graphlet shape appears hundreds of times
throughout two graphs, if that shape only appears once in both deterministic indexes, the two graphlets are likely to be

counterparts.

This deterministic approach is in contrast to existing graph indexing techniques which either exhaustively enumerate
structures (such as paths, trees, graphlets, etc.) or stochastically sample a large subset of structures in a graph 24, The key
difference between BLANT's index and existing indexes is that BLANT performs an existence check, while other indexes
are used for non-existence checks (see §V-C for additional discussion). Because the goal of other indexes is to rule out
the existence of a structure in a graph, they need to be fairly exhaustive. As a result, they are time and memory intensive:
the fastest algorithm evaluated in 24 took 3 hours and 50GB to index a graph of 2000 nodes. On the other hand, because
BLANT’s index is decidedly non-exhaustive, we only require 1 hour and 25MB to index a graph that is 10x larger: 20000
nodes. BLANT uses non-exhaustion as a strength, because the fact that a given graphlet is included in an extremely narrow

index at all is valuable information when performing alignment, as described in the previous paragraph.

After aligning a set of deterministically mined graphlets, BLANT then merges the aligned graphlets of 6-15 nodes
together in order to create large graphlets. BLANT is able to discover highly topologically similar alignments (S3> 0.95)
of up to 150 node-pairs for which up to 50% of node pairs differ from their “assigned” global counterpart on a majority
of the protein-protein interaction (PPI) network pairs in the Integrated Interactions Database (IID) 25. Additionally, BLANT
is able to output S3> 0.95 alignments of 50 nodes for temporal network pairs from the Stanford Network Analysis Project
database with 1% - 5% noise level 2¢ with 50% global dissimilarity. There are no direct competitors to BLANT as it is the
first topology-only local alignment algorithm, but these results outperform those gathered by a version of a state of-the-
art local alignment algorithm (AlignMCL) which was adapted to be topology-only by 0. Compared to topology only
AlignMCL, BLANT’s results are 3x larger and have 30% (additive) more global dissimilarity on the IID network pairs.
They are 1.5x larger and have 30% more global dissimilarity on the temporal network pairs. BLANT achieves this with

a lower time complexity — O(n) on a database of networks to AlignMCL’s O(n?) with lower wall-clock time on our testbed
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(§IV-D).

These large, perfect or near-perfect local topological regions can be used as seeds, which may be extended into larger,
less perfect local network alignments, exactly analogous to how BLAST 27 uses short, exact k-mer sequence matches as
seeds for longer, less-perfect local sequence alignments. We will discuss extending these seeds in our upcoming companion
paper where we extend local alignments using a topology-only greedy method inspired by Dijkstra’s algorithm for

shortest paths. (soon to be submitted)

3-node graphlets 4-node graphlets

6
3 8 W3 12 M4
, 9
12 4 5 Y
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1 2 3 4 5 6 7 8

Fig. 1. All graphlets of sizes k = 3 and 4 nodes, and their automorphism orbits; within each graphlet, nodes of equal

shading are in the same orbit. This figure is taken from 29. (Note that BLANT uses different, automaticallygenerated IDs

than 29,)

Il. Background
A. GRAPHLETS, ORBITS, AMBIGUITY

Graphlets are defined as “small” induced subgraphs of a network. They were originally exhaustively enumerated up to
k = 5 nodes [28], then k = 6 nodes 29, 30, though BLANT is able to identify any graphlet up to k = 8 nodes. Fig. 1 shows
the complete list of k-graphlets for k = 3,4. BLANT automates the process up to k = 8, in which there are nk = 12,346

unique graphlets. Each k-graphlet is assigned a unique graphlet ID from O to nk — 1 inclusive.

TABLE I: NUMBER OF GRAPHLETS AND UNAMBIGUOUS GRAPHLETS

k # Graphlets | # Unambig.
2 1 0]

3 2 0]

4 6 0]

5 21 0

6 112 8

7 853 144

8 11117 3552

An orbit is set of nodes that are topologically identical within a graphlet; ie., they can be swapped without changing the
graphlet. In Fig. 1, nodes are shaded based on their orbit. For example, the first 4-node graphlet in Fig. 1 is the path of

length 3, which has two orbits: the two middle nodes participate in one orbit, while the two end-nodes form another.

A graphlet is defined as “ambiguous” if it contains at least two nodes of the same orbit. This is because there exist more
than one way to create a topologically perfect alignment between two instances of an “ambiguous” graphlet, as any
nodes of the same orbit may be swapped without affecting isomorphism. For example, when aligning two length-2 paths

A-B-C and D-E-F, A and C may both be aligned with either D or F as the two endpoints of the path are in the same orbit.
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An “unambiguous” graphlet is simply a graphlet for which each node exists in a unique orbit. There is only one way to
create a topologically perfect alignment between two instances of an “unambiguous graphlet”. The smallest unambiguous
graphlet has 6 nodes, as shown in Table I. Some examples of unambiguous graphlets are shown in Fig. 2. To avoid the
combinatorial explosion resulting from aligning ambiguous graphlets, from this point onwards we use only unambiguous

ones—and note that there do not exist unambiguous graphlets for k<é.

Vo,

Fig. 2. Examples of unambiguous graphlets on k =6,7,8 nodes. Each node in each graphlet exists in a unique orbit. No

unambiguous graphlets exist for k <5.

1 conserved
S3= ——— =033
3 total

—»‘/]»
¢

Fig. 3. An figure explaining the symmetric substructure score (S3). In the figure, an alignment of 3 node pairs is created
between a graph of size 4 and a graph of size 5. The alignment contains 3 edges total. It contains 1 “conserved edge”,
or 1 edge which appears in both networks. Thus, the S3score is 0.33 with fewer than 6 nodes, meaning the “traditional”

set of graphlets with up to only 5 nodes are insufficient.

B. ALIGNMENTS, AND TYPES OF ALIGNMENT SIMILARITY
We define an alignment as a 1-to-1 mapping from a set of nodes in one network to a set of nodes in another network.
The number of nodes being mapped can range anywhere from 1 to the number of nodes in the smaller network. Fig. 3

gives an example of an alignment of 3 node pairs between one network of 4 nodes and one network of 5 nodes.

The topological similarity of an alignment measures how close the aligned (sub)graphs are to being isomorphic. We use
the measure the symmetric substructure score (S3, 3!, which gives the fraction of the number of conserved edges in an

alignment over the number of total edges in the alignment (cf. Fig. 3).

The functional similarity of an alignment relates to what the nodes and edges are, or what they do, in the real world. We
make a simplifying assumption that each node has a single functional “counterpart” in the other network, which is mostly
true in real world graphs. For example, in social networks, two nodes in different social networks are counterparts if they
refer to the same person (1-to-1 except for duplicate accounts); in protein-protein interaction (PPl) networks, two proteins
are considered identical if they are orthologs (related to common ancestors, mostly 1-to-1). When a node is aligned to

its counterpart, we say the node pair is “correctly aligned”. For functional similarity, we use the metric node correctness
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(NC), which is the fraction of node pairs in the alignment which are correctly aligned.

The reader should note the difference between “information” and “similarity”. Our algorithm uses only topological

information but is evaluated based on topological and functional similarity.

lll. Methods

A. ALGORITHM OVERVIEW
BLANT consists of three steps (cf. Fig. 4).

% % Input: 2 networks

\ ‘/ Step 2: Alignment

For some of the graphlets,

» ‘_’: .o align them with a graphlet
L ./. e in the other network,
creating an aligned pair
l Step 3: Merging
®
]
L
L e » ®
. ¢« *
L

Fig. 4. The three steps of BLANT. Note that our algorithm can be easily extended to more than two networks, but we use
two for simplicity in this diagram. First, graphlets are deterministically extracted from each network individually. Then,
pairs of identical graphlets from different networks are matched, creating a pool of small alignments. Finally, a subset

of the pool is merged together into one final large alignment.

The first step is indexing, which takes in a single network as input and deterministically extracts a set of graphlets from
the network. In the output, the graphlets are indexed by their graphlet ID. Each network only needs to be indexed once,

and that index may then be used to attempt aligning the network with any other network which has been indexed.

The second step is alignment, which takes in two indexes as input and outputs a set of aligned pairs of identical graphlets
which contain between 6-15 node pairs. The goal of our algorithm after this step is to have a set of graphlet pairs which
have both high topological and functional similarity. Perfect topological similarity is enforced explicitly by aligning only
identical graphlets. High functional similarity is achieved through the enforcement of perfect topological similarity, the

use of determinism (cf. §22), as well as the techniques described in §llI-B2, §llI-D, and §lII-E.

The third and final step is merging, which takes in a set of aligned graphlets of 6-15 node pairs and outputs a single
alignment of up to thousands of node pairs. While the aligned graphlets in the previous step were required to have

identical topology, the large output alignment in this step does not need to be topologically perfect (we only enforce an
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S3score of 0.95, cf. §IV-C1). This step allows us to turn a large set of small, high quality alignments into a single large,
high quality alignment. In this paper, we only aim to extract the largest and highest quality alignment we can from the
set of aligned graphlets to demonstrate the effectiveness of our approach. We leave the problem of discovering multiple

large, high quality alignments to future work.

B. STEP 1: INDEX CREATION

The basic idea of this algorithm is to recursively build graphlets by deterministically expanding from some root node. To
ensure that every node has a chance to be in the index, this expansion is performed n times, once with each node in the
network serving as the root. The algorithm builds graphlets in a DFS-like fashion, creating a list of nodes it will search in
each recursive step. It iterates through the list of nodes, adding each one individually to its working set of nodes and
recursing from there before backiracking and adding the next node to the working set. In order to deterministically
create this list, the algorithm selects neighboring nodes with the highest values according to a deterministic heuristic
function. We control the exponential nature of recursive expansion by severely limiting the size of the node list at each

recursive step.

1) Selecting Neighbors to Expand to: The index creation algorithm relies on a heuristic function, f(v), to select which
neighbors to expand to at each step. f(v) assigns a topologically meaningful value to each node v in the network in a
deterministic way. We use f(v)=degree(v) (with a slight modification) which we have found works well enough. Our slight
modification deals with a practical problem of using degree: the expansion from each node approaches the hubs of the
network relatively quickly, reducing the diversity of nodes in the output index. One solution is to have f(v) ignore (meaning
assign a value of O to) the h highest degree neighbors at each expansion step, but this yields low performance because
it is beneficial to eventually expand to the hubs. Thus, we use a simple technique to resolve both these issues: we ignore
the top k—1—c highest degree neighbors at each expansion step, where c is the number of nodes in our current set.

2) Outputting Unambiguous Graphlets Only: The number of ways to align two graphlets of the same graphlet ID G is:
u(G)

A(G) = H a0 Prco 0

The number of unique orbits in G is represented by u(G), while f(G,0) is the number of nodes in G are in orbit o. Nodes
of the same orbit may be permuted arbitrary in the alignment while maintaining isomorphism, hence the permutation
operator. Further, for every permutation of nodes for one orbit, the nodes of any other orbit may be permuted in any

way, hence why these permutations are multiplied together.

If any orbit has f(G,0) > 1, then there are multiple ways to “align” a pair of its graphlets. As a simple example, a triangle
can be aligned in 6 possible ways with another triangle: it can be rotated around a 3-cycle, then mirror-imaged and
rotated 3 more times. As defined in §lI-A, an unambiguous graphlet as one in which every node is its own orbit, eliminating

all ambiguity in how to align it with another graphlet of the same ID.
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Algorithm 1: Index Creation Algorithm
Function CREATEINDEX(Graph G, k, D, f)

sorted = G’s nodes sorted by f
index = empty str -— [graphlet] map
for u in sorted do
index += GetNodeEntries(G, k, D, f, [u], index)
end for
return index

end function

function GETNODEENTRIES(G, k, D, f, V, index)
if |V | =k then
if graphletlD of V is unambiguous then
// Note: graphlets are stored as lists of nodes index [graphletlD of V] =V
end if
else
Vexp = GetExpandNeighbors(G, V, D, f, index)
for u in Vexpdo
V=VvuU/{u}
GetNodekEntries(G, k, D, f, V , index)
V=V-—{
end for
return entries
end if

end function

function GETEXPANDNEIGHBORS(G, V , D, )
neighs = {all neighbors of all nodes in V }
uniqueValues = {unique f values in neighs}
expandValues = {the D largest values in uniqueValues}
Vexp = {subset of neighs with f values in expandValues}
return Vexp

end function

Given our assumption about one-to-one node correctness (cf. §ll-B), there is only a single correct way to align two
graphlets. With a topology-only alignment algorithm, it is difficult to distinguish between different ways of aligning two
graphlets of the same graphlet ID, as all of these ways yield topologically perfect alignments. Given that A(G) grows
combinatorially, the expected functional accuracy of aligning two graphlets of ID G decreases rapidly as f(G,o0) increases.

Fortunately, it is here that we are able to leverage BLANT’s ability to perform ambiguity checking on graphlets of up to
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8 nodes in O(1) time 32 in order to output only unambiguous graphlets, greatly improving functional accuracy.

3) Time and Output Size Complexity: We utilize the standard output files from BLANT-sample 33, 34, based on 32, which
contain information about graphlet IDs and orbits. We use these output files in order to perform the following operations
in O(1): converting a set of nodes to a graphlet ID and checking the ambiguity of a graphlet ID. Thus, we only perform

O(1) work in the base case.

In the recursive case, we visit all nodes with the top D values of f, visiting at most M nodes where M = D (M accounts for
ties). Since the recursion depth is at most k—1, the time complexity for a search starting at one node is O(M~1). Since we
call the recursive algorithm once per node, the overall time complexity of the algorithm is O(nMk=1). This time complexity
depends on the amount of ties in the heuristic function. For this paper, we focus on networks which exhibit a tail-heavy
degree distributions (see Fig. 6), which means that nodes with large degree have very few ties. Thus, M will be
approximately equal to D. Additionally, since D and k are both small, fixed constants in practice (cf. §IV-B), the algorithm

is fixed-parameter linear.

By definition, it is impossible to generate a file at a higher size complexity than the time complexity of the algorithm used
to generate it, because the act of writing to a file is included in the time complexity analysis. Thus, the output size

complexity is also bounded by O(nMk=1), though it may be lower in practice due to duplicate in the output file.

C. STEP 2: ALIGNMENT

The alignment algorithm takes in the indexes of any number of networks and mines a limited list of topologically identical
k-graphlet alignments between them. We only output topologically identical alignments both because of the intuitive
benefits discussed in §llI-A and because of the practical benefits: it allows us to simply use key equality to determine if
two graphlets can be allowed, and it greatly simplifies the alignment process itself. Note that this step of the algorithm

can be easily extended to take in more than two indexes, but we will use two for simplicity.

We utilize the standard output files from BLANT-sample 3334, based on 32, which contain information about the orbits of
each graphlet ID. We use this information to align the nodes of two graphlets such that all aligned pairs are in the same

orbit.

D. DOUBLY-UNIQUE KEYS

In our index, the keys are graphlet IDs, which represent graphlet shapes. Say the graphlet shape G appears ni1 times in
the first index and n2 times in the second index. Given our assumption about one-to-one node correctness (cf. §lI-B), the
maximum possible number of correct alignments is min(n1,n2). However, because it is difficult to prune these pairs when
using only topology, we must output all nin2 pairs. Assuming no node overlap in the alignments, our node correctness on

these pairs is upper-bounded by:

Medical Research Archives | https://doi.org/10.18103 /mra.2026.0282 10



https://doi.org/10.18103/mra.2026.0282

THE EUROPEAN SOCIETY OF MEDICINE

Algorithm 2: Alignment Algorithm

function FINDALIGNEDPAIRS (File F1, File F2)
// F1and F2 are the output files of Alg. 1

| = Patchindex(F1)
J = Patchindex(F2)
for k in l.keys U J.keys do
if |Ik] =1 and |J]| =1 then
S =S U {(Iko,Ji0)}
end if
end for
return S

end function

function PATCHINDEX(F)
| = dictionary of empty sets
for each line | in F, where each line is a graphlet do
m = graphlet on line after |
if m and | have any nodes in common then

p = graphlet from patching m and |

k = “patched graphlet” ID of p
k=1 U {p}

end if
end for
return |

end function

min(n1,n2)/(n1n2) (2)

Given this steep accuracy drop, we use the most stringent constraint of n1 = n2 = 1, which we call “doubly-unique keys”.

E. PATCHING GRAPHLETS

A significant challenge of using doubly-unique keys when keys represent graphlet shapes is that there are not that many
different graphlet shapes for small values of k, especially when only considering unambiguous graphlets. As seen in Table
|, there are only 3552 different unambiguous graphlet shapes for the largest k value BLANT is capable of, k = 8, which
is not enough keys in practice given the constraint of doubly unique keys. In order to increase the number of unambiguous
graphlets past what BLANT is natively capable of, we “patch” graphlets together after building the index. We observe
that BLANT outputs graphlets with a high degree of overlap in adjacent lines in the output index file, so we simply check

every line against the line directly below it and patch the graphlets together if they contain at least one node in common.

For further clarity, Fig. 5 shows an example of two graphlets being patched together. After patching, a new “patch ID”
must be created that encodes the shape of the larger graphlet. Although this ID is not completely unique (all ID’s refer to

a single shape but multiple ID’s may refer to the same shape), we have found that canonizing this ID using a tool like
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NAUTY 35 decreases accuracy and volume.

We hypothesize that this is because information about the two constituent graphlets positively informs the alignment
because it retains how the deterministic algorithm expanded in that area of the graph. Additionally, while the patched
graphlets may not be completely unambiguous, retaining the two constituent unambiguous graphlets always allows for

an unambiguous alignment.

patch ID: 15;18-0,1;2 1-
Fig. 5. Two 5-node graphlets with 2 nodes in common being patched together. The overlapping nodes are not being
aligned; they are the exact same node in the exact same graph. The combined graphlet may also include additional
edges that cross the two original graphlets. The patch ID is a string containing the graphlet ID of the first graphlet, the

graphlet ID of the second graphlet, the orbits in each graphlet which overlap, and the additional edges.

F. TIME COMPLEXITY

As patching two graphlets takes O(1) time, the step of creating the patched index takes O(l), where [ is the number of
lines in the larger index file. After creating patched indexes, the algorithm loops through the union of keys in both indexes
and performs O(1) work on each key, as it skips keys which are not doubly-unique. Since the total number of keys is
bounded by 2I, the total time complexity is O(l). Since the size of the index file is bounded by O(nM 1) (cf. §llI-B3), the

time complexity of Algorithm 2 is also O(nM 1),

G. STEP 3: MERGING

The merging algorithms combines the smaller alignments created by the previous step into a larger local alignment.
Before beginning the merging process, we filter out smaller alignments which are too globally similar, as described in
§llI-G1. Then, an iterative merging process begins. In each iteration, the merging algorithm randomly adds or removes
an alignment A;, with two constraints when adding. First, the overall topological similarity of the merged alignment M
must be above some threshold after adding Ai. Second, adding Ai must retain a 1-to-1 matching between nodes in M.

After some number of iterations, we terminate and output the largest alignment found thus far.

1) Filtering Out Globally Similar Alignments: As explained in §l, our goal is to discover non-trivially-sized regions within
two networks which differ from the global alignment, yet are still topologically similar. A crucial technique which allows
us to achieve this goal is filtering out alignments which are too globally similar. In order to predict global similarity using
only topological information, we utilize the metric of orbit degree vector (ODV) similarity [36]. ODV similarity is defined
between a pair of nodes, and is a value ranging from 0.0 to 1.0. As an alignment is a set of node pairs, we define the
ODV similarity of an alignment as the mean ODV similarity of all of its node pairs. We filter out all input alignments

which have a mean ODV similarity >= m.
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Algorithm 3: Merging Algorithm
function MERGE ([[(Node, Node)]] A, float m, int s, float f)

// Ais the list of alignments from Alg. 1
// M is the merged alignment
filter out alignments in A with mean ODV sim. >=m
for s times do
i = random index of A
if Aiis in M then

remove Aifrom M
else

020 = IsOne20ne(M,Aj)

s3'= IncS3(M, A))

if 020 and s3'> t then

add Aito M
end if
end if
end for return largest M found

end function

There exists a fundamental tradeoff in the selection of m. The closer m is to 1.0, the more similar the final merged
alignment is to being a subset of the global alignment, which means it does not provide novel information. However, the
further away m is from 1.0, the more difficult it is to create large merged alignments with high topological similarity,
because topological similarity and global similarity are correlated - the global alignment of any two networks is likely

to contain far more topological similarity than a random alignment. We evaluate the optimal value of m in §IV-B.

3) Time Complexity: The merging algorithm involves a number of auxiliary data structures which reduce its time
complexity. We will briefly describe them here. First, we keep a two sided map updated to represent M, allowing us to
perform IsOne20ne() in O(1) time. We also store a membership array which allows us to check “Aiis in M” in O(1) time.
To calculate IncS3(), we store the current S3score of M with both its numerator and denominator. We compare each pair
in Ai with each pair in M, incrementing the numerator and denominator according to the definition of S3(cf. Fig. 3). As the
size of A;is constant, IncS3() takes O(p) time where p is the number of pairs in M. The loop is repeated k times, regardless
of how many addition attempts failed. Thus, the total time complexity is O(pk), where p is the number of nodes in the final

output alignment.

IV. Evaluation

In this section, we fix our algorithm’s parameters and investigate its performance on 21 large, realistic networks in the
biological and social domains. We perform an in-depth comparison on our two testbeds against a baseline adapted

from the non-topology-only local alignment setting. Finally, we analyze the time and space requirements of our index.

A. EXPERIMENTAL SETUP

1) Hardware and Environment: All experiments are performed on a cluster of 96 identical machines (the “circinus” cluster)
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in the Department of Computer Science at U.C. Irvine. Each host runs Linux CentOS, has 96GB of RAM and a 24core Intel
X5680 CPU running at 3.33GHz. Despite the large number of cores, the speed of a single core is comparable to that of

a low-end laptop. Algorithm 1 is part of the larger BLANT package available on Github. The index creation algorithm

(Algorithm 1) is part of BLANT and is written in C. The alignment algorithm (Algorithm 2) and merging algorithm (Algorithm

3) are in Python. Our baseline, AlignMCL is also written in Python.

2) Datasets: We evaluate our algorithm on two different testbeds of networks, listed in Table Il First, we use the mammal
PPl networks from the Integrated Interactions Database 37. The |ID networks are, by far, the largest PPl networks
available. Although they are partly synthetic, they are currently the best available approximation to “real” PPl networks.
They (a) are nontrivial in size, and (b) share what is believed to be about the same amount of topological similarity as

we expect in the (currently unknown) real networks.

Second, we use all but two of the temporal networks (incidentally all social networks) from the Stanford Network Analysis
Project database, SNAP 38-43-We ignore CommResistance because it is too small (fewer than 10 nodes per network). We
ignore ActMOOC because it is bipartite, something we leave for future work. It is important to note that our work does
not utilize any special characteristics of temporal networks, a fact which we think demonstrates the generality of our
approach. We have chosen to use temporal networks simply because they allow us to create perturbations of a network

in a manner more realistic than simply removing edges at random.

TABLE Il: NETWORK STATISTICS

Networks # Nodes | # Edges
All 1IDs 13K-18K | 256K-335K
AskUbuntu 0%-5% 20K 49K
BitcoinAlpha 0%-5% 3.5K 13K
BitcoinOTC 0%-5% 5.5K 19K
CollegeMsg 0%-5% 1.0K 5.5K
EmailEUcore 0%-5% 682 2.9K
MathOverflow 0%-5% 20K 82K
RedditHyperlinks 0%-5% | 20K 60K
StackOverflow 0%-5% 20K 191K
SuperUser 0%-5% 20K 80K
WikiTalk 0%-5% 20K 82K

Each temporal network consists of a list of edges, each marked with a timestamp. To generate a network, we collect all
edges between a start time and an end time, in what we call a “temporal window”. We create four windows total, and
each window contains the same number of edges'. The first window begins with the earliest edge in the network. The
second window begins by shifting the start time until we have “lost” 1% of the edges, discounting duplicate edges which

are “regained”. The third and fourth windows use 3% and 5% shifting. The end times of each window are determined
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by collecting edges until we have hit the set amount.

All networks follow a tail-heavy degree distribution, as shown in the log-log graphs in Fig. 6. This ensures that there will
not be too many ties when choosing neighbors with the highest degree, keeping our algorithm’s tfime complexity tractable
(811-B3).

In total, we use 11 IID networks and 10 temporal networks. We align every IID network against every other one, giving
us 55 total IID network pairs. For each temporal network, we align the 0% shifted with the 1%, 3%, and 5% respectively,

giving us 30 total temporal network pairs. In total, we consider 21 networks and 85 network pairs.

3) Baselines: To the best of our knowledge, BLANT is the first local aligner which was designed to use only topology.
There exist many algorithms which first generate a global alignment using only topological information before mining
that global alignment for local alignments. We discuss why we believe such algorithms are not “true” local alignment

algorithms in §1V-C4 and §V-A. That said, we use one algorithm under this class, AlignMCL, as a baseline.

AlignMCL was originally designed to use biological information, but it can be easily adapted to use only topological
information as done in 19, The paper also adapted AlignNemo 44 to be topology-only, but we only use AlignMCL because
the authors (the same for both algorithms) have stated that AlignMCL is the successor to AlignNemo. AlignMCL is a local
alignment algorithm which uses the popular idea of combining two networks into a single alignment graph and then mining
this alignment graph for higher quality local alignments. In order to create this initial alignment graph, AlignMCL utilizes
the n node pairs with the highest protein sequence similarity. Then, AlignMCL uses a Markov Clustering Algorithm to walk

the alignment graph and discover clusters, which it outputs as local alignments.

In order to adapt AlignMCL to a topology-only setting, we used the approach used by 10: use the n node pairs with the
highest Orbit Degree Vector (ODV) similarity 3¢ (which we will call “ODV pairs”), instead of protein sequence similarity.
We initially got poor performance with this approach, which we discovered was because lots of nodes of identical ODVs
and crowded out the other node pairs. We worked around this issue by simply ignoring degree 1 nodes when generating

the the correctly aligned pairs.
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Fig. 6. Degree distributions of the IID networks (top) and temporal networks with 0% shifting (middle). Only 0% shifting

is included because the degree distributions are essentially unchanged for 1-5% shifting. The bottom diagram is a version

of the middle diagram with count normalized. All three diagrams use a log scale for both axes.

4) Metrics: We measure the alignments in terms of size (in nodes), functional accuracy, and topological accuracy. For
functional accuracy, we use node correctness (NC, cf. §lI-B), or the fraction of node pairs which are correctly aligned. For
topological accuracy, we use symmetric substructure score (S3, cf. §lI-B), which measures the fraction of conserved edges
in the alignment. Finally, we define a metric called “alignment score” which captures the overall “quality” of an alignment
with the formula score = n * NC2 * S32, We square the accuracy values so that an alignment of 100 nodes and 50%

accuracy does not receive the same score as an alignment of 50 nodes and 100% accuracy (“accuracy” here conceptually

includes both NC and S3).

B. Parameter Selection

The parameters k and D in Algorithm 1 were straightforward to select. As mentioned in §llI-E, the indexes of k = 6 and
k = 7 contain far too many duplicate graphlets, as there are only 8 and 144 different unambiguous graphlets of size k
= 6 and k = 7, respectively (cf. Table I). Selecting a value of D was also easy. D = 1 is ruled out as it only outputs a
single graphlet per node (assuming no ties in the heuristic function), since we only add one neighbor at each recursive

step. D = 2 already results in runtimes of 30-60 minutes for k = 8 (cf. §IV-D). As runtime increases exponentially with D
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(cf. 8ll1-B3), this essentially rules out D > 2. Thus, we use k = 8 and D = 2.

The other parameters in our algorithm are t, m, and s in Algorithm 3. As mentioned in §IV-C1, we choose t = 0.95 to find

alignments of high, but not perfect, topological similarity.

To determine m, we selected 3 IID network pairs and 3 temporal network pairs and looked at both the alignment size
and node correctness (NC) of the output alignment when running Algorithm 3 with different values of m. As seen in Fig. 7,
the NC increases (bad) dramatically at around m = 0.96 — 0.98 for all network pairs. Before this, the NC increases
fairly slowly while the size increases (good) at a solid rate. Thus, we chose m = 0.95 as a good tradeoff between size
and NC. Finally, to determine s, we ran the merging algorithm with s = 100,000 and observed how the largest alignment
found so far increased across iterations, as shown in Fig. 8. As most network pairs converge quickly, we choose s =

20,000. With this value of s, our Python implementation terminates in less than 1 minute on all network pairs.

C. AGGREGATE PERFORMANCE COMPARISON

1) Running and Postprocessing BLANT: We run BLANT with the S3 threshold of + = 0.95, as the goal of local alignment is
to discover a local region with significant, but not necessarily perfect, topological similarity. All other parameter choices
are discussed in §lV-B. After running BLANT, we take the largest connected alignment of BLANT’s output alignment, where
“largest connected alignment” is the largest alignment for which the induced subgraph of the nodes in both networks are

connected.

2) Running and Postprocessing AlignMCL: We run AlignMCL with the top n ODV pairs in each network, ignoring nodes
of degree 1. AlignMCL has no other parameters. AlignMCL generates hundreds of alignments per network pair, and we
process each of them the following way. First, as many alignments are not 1-to-1, we make them 1-to-1 by removing non

1-to-1 node pairs at random. Then, we take the largest connected alignment for each of their alignments.

3) Comparison: In Fig. 9, we compare the performance of BLANT and AlignMCL on the IID network pairs and the

temporal network pairs, respectively.

All points in the plot represent alignments with S3> 0.95. BLANT generates a single high quality local alignment which is
guaranteed to have S3 = 0.95 because t is set to 0.95 (cf. §IV-B). On the other hand, AlignMCL generates hundreds of
local alignments of varying quality per network pair. We filter out all AlignMCL alignments with S3 < 0.95. Additionally,
we filter out the significant number of alignments that have < 10 nodes, because such alignments are trivial to find (any

arbitrary aligned pair in Step 2 of our algorithm has 8-15 nodes).

Discussion: On the IID networks, AlignMCL struggles to find large and topologically similar alignments with a low NC
(lower on the y-axis means higher NC). This makes sense, because their algorithm performs a step that resembles global
alignment (computing global ODV pairs) before mining the global alignment for smaller local alignments. On the other
hand, BLANT is able to discover large (> 100 node) alignments with high topological similarity (S3 > 0.95) that differ
significantly from the underlying global alignment (NC = 0.5). Such local alignments are valuable because they provide

different information than the global alignment. Which is why we say high NC is “bad”.
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On the temporal networks, BLANT does not perform as well as it does on the IID networks. However, the relative
performance of BLANT compared to IID is the same; BLANT is generally able to find larger alignments that differ more
from the underlying global alignment. Additionally, it is notable that AlignMCL is unable to find any alignments with S3
> 0.95 that consist of at least 10 nodes on most of the temporal network pairs. Specifically, it finds O alignments that fit

these criteria on 19/30 of the temporal network pairs tested.

cat cow mouse rat horse mouse
size NC size NC size NC

-0.8 9 0.111 10 0.3 10 0.2
-0.82 20 0.4 \ 16 0.375 10 0.2
-0.84 24 0.333 | 18 0.389 15 0.067
-0.86 26 0.423 20 045 | 18 0.056
m -0.88 32 0.375 34 0.265 19 \ 0.053
-0.9 43 0.395 39 0.385 22 0.045
-0.92 70 0.529 57 0.544 26 \ 0.038
-0.94 | 116 0.526 83 0.482 28 0.25
-0.96 176 0.551 49 0.531 31 0.032
-0.98 386 0.79 758 0.84 54 0.685

sxso_s0 sxso_s1 reddit_s0 reddit_s5 super_s0 super_s3

size NC size NC size NC
0.8 1 0273 | 18 B | 15 0067
-0.82 11 0273 18 0.167 | 17 0
-0.84 16 05 28 0.321 20 0.1
-0.86 28 0.464 36 0.444 23 0.087
m -0.88 35 0.457 36 0.444 26 0462
-0.9 42 05 36 0.444 29 0.103
-0.92 55 0.509 43 0.674 29 0.103
-0.94 76 0.566 48 0.646 35 0.429
-0.96 112 0554 54 0.722 44 0682
-0.98 213 0.751 84 0952 33 0.091

Fig. 7. How alignment size and node correctness (NC) vary based on m. The top half of the figure shows results from 3
[ID network pairs, while the bottom half shows 3 temporal network pairs. Each group of two columns represents the results
on a single network pair. We selected network pairs at varying levels of similarity, with similarity determined by our
algorithm’s performance on them. s =5,000 is used for all runs. Higher sizes are good (so higher size = more green) while
higher NCs are bad (so higher NC = more red). We say higher NC is “bad” because we aim to generate local alignments
that cannot be trivially extracted from global alignments.
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Fig. 8. The progression of the merging algorithm over iterations for all 85 network pairs. The value on the y-axis
represents the number of nodes found in an intermediate point by the algorithm, as a percentage of the number of nodes
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BLANT vs AlignMCL on IID Networks
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Fig. 9. Two plots comparing BLANT with AlignMCL in terms of size and node correctness on the IID network pairs and the
temporal network pairs. All points shown have an S3 score of = 0.95. The y-axis (node correctness) is reversed because
our goal is to generate alignments of low node correctness.

D. RUNTIME AND STORAGE

With runtime, our goal is to be able to run the algorithm in a reasonable amount of time on a standard laptop. This
measure is fuzzy as runtime is not a primary concern of ours, but we speculate that a researcher (the likely user of our
algorithm) would feel that “a few hours” is a reasonable one-time cost to index a network. As shown in Fig. 10, our
algorithm’s runtime grows linearly and takes less than an hour even for networks with 20000 nodes. Additionally, our
index is fairly small, never exceeding 25MB even for the largest networks. We hypothesize that the significant variation
in runtime is due to the different degree distributions of different networks, which results in different numbers of tied
degrees at each expansion step (the effect of ties on time complexity is analyzed in §llI-B3). Runtime and index size are

fairly correlated, but differences between the two arise due to duplicate graphlets.

Other than indexing, we do not show figures. The alignment and merging steps take less than 5 minutes each despite
being written in Python. Even though the time complexity of the alignment step is the same as that of the indexing step,

the output indexes are very small in practice (cf. Fig. 10), so the alignment steps runs very quickly.

We do not rigorously compare our runtime with that of AlignMCL, because the majority of AlignMCL'’s runtime is caused

by a Python program we wrote which generates the list of seed pairs based on ODV similarity, which is in a different
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language than our indexing algorithm. Additionally, we do not perform a comparison because runtime is not a major
concern of ours. To give some rough numbers, our Python program takes 5 hours to run for the largest graphs, and
AlignMCL'’s own program takes 60 minutes for the largest graphs. This is comparable to the runtime of our index creation
step, except our index creation step only needs to be run once per network while both parts of AlignMCL need to be

once per network pair.

V. Related Work

A. TOPOLOGY-ONLY GLOBAL NETWORK ALIGNMENT

Over the years, a number of global network alignment algorithms have been developed which rely solely on topological
information. One broad approach is to start with some initial global alignment and randomly mutate it to improve some
topological measure of similarity. MAGNA++ 45 does this with a genetic algorithm, while SANA 18 does this with simulated
annealing. Other algorithms, like NATALIE 4¢ and L-GRAAL 47, model the global alignment problem as an integer linear
program and use Lagrangian relaxation to produce a solution. Many machine learning approaches exist as well, such as
CONE-Align 48 and DANA 20, which involve generating node embeddings and then aligning two embedding distributions
in a lower dimensional space. In general, these global alignment algorithms process the entire graph as a whole while

local alignment algorithms mostly utilize local information, showing the complementarity of these two approaches 10,

There exist algorithms, like GLAlign 2! and the adapted version of AlignMCL 9, which combine these two approaches by
first creating a global alignment and then breaking it up into multiple local alignments. However, the local alignments
generated by these approaches can never differ significantly from the initial global alignment used to generate them,
meaning the additional information they provide on top of the global alignment is limited (cf. §IV-C4). Said another way,

local alignment algorithms in this class do not complement global alignment algorithms well.
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Fig. 10. Plots showing index creation time vs. network size (top) and index size vs. network size (bottom). Index size is
measured after removing duplicate lines. The trendlines are plotted with outliers removed. Both runtime and storage size

grow approximately linearly.

B. LOCAL NETWORK ALIGNMENT WITH SIDE INFORMATION

“Side information” refers to information outside of topology, such as node/edge attributes or pre-aligned anchor nodes.
Different domains tend to use different types of side information, demonstrating the difficulty of generalizing these
algorithms. In aligning protein-protein interaction networks, local alignment algorithms may use information such as
genomic sequence similarity 444 or COG function 4°. In aligning knowledge graphs, algorithms use information such as
entity name 50 or entity attributes (such as “age” or “population”) 5. In aligning social networks, algorithms most often

apply percolation theory to grow alignments from a preexisting set of aligned seed nodes 6.7,

In some cases, local alignment algorithms which use side information can be converted into topology-only cases, as was
done for AlignMCL 4 and AlignNemo 44 in the comparison article 0. However, such conversions are not possible in many
cases, as mentioned in 0. Additionally, these conversions often weaken some of the assumptions an algorithm is built on.
For example, AlignMCL and AlignNemo rely on an auxiliary structure called an alignment graph which represents the
merging of two graphs. The accuracy of this alignment graph degrades significantly when it is created with topological
information instead of genomic sequence information, as seen in low performance of the topology only version of these
algorithms in 19 and in §IV-C. This motivates the need for a local alignment algorithm which treats topology as a first-
class citizen. Additionally, the topology only global alignment algorithms have been demonstrated to produce
complementary insights compared with global alignment algorithms which use side information '!. In future work, we hope

to investigate whether this result applies to local alignment as well.

C. SUBGRAPH QUERYING AND INDEXING

The graphlet index we generate has many similarities, and differences, to the indexes produced by subgraph querying
algorithms. Subgraph querying is the problem of finding all graphs in a database D which contain a query graph q as
a subgraph 51. As this task involves solving subgraph isomorphism, an NP-hard problem, for each graph in D, a variety
of heuristic algorithms exist. One prominent heuristic approach is “filter-and-verification” 24, where a graphlet index is

first created for all graphs in D, and this index is used quickly filter out graphs which definitely do not contain q. The
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remaining graphs, called the candidate set, are then verified to see if they contain q.

BLANT’s graphlet index has many similarities with the indexes used for subgraph querying. 24 delineates four
characteristics in the design space of indexes for subgraph querying that fully describe BLANT's index. Within this
framework, BLANT’s index stores graphlets as its features (characteristic #1), mines its features non-exhaustively
(characteristic #2), uses the hash map data structure (characteristic #3), and stores location information (characteristic

#4).

However, the main difference between the indexes of subgraph querying algorithms and BLANT's index is that the former
is used for a non-existence check, while the latter is used for an existence check. Thus, indexes of subgraph querying
algorithms need to be relatively exhaustive, while BLANT’s index does not. Our core concept of determinism leverages
this key insight and allows BLANT to overcome a significant issue with subgraph querying algorithms: the restrictively
large index creation time and storage requirements. All algorithms studied in 24 have index creation times that grow
exponentially or polynomially (as in, a polynomial >1), and even the fastest evaluated algorithm, GRAPES 52, takes 3
hours just to index a graph of 2000 nodes. The storage requirements mostly grow exponentially or polynomially as well,
and GRAPES comes with the tradeoff of requiring the most storage: 50GB for a graph of 2000 nodes. By contrast,
BLANT’s time and output size complexity are both fixed parameter linear and BLANT takes 1 hour and uses 25MB to
index graphs of 20000 nodes (cf. §IV-D). By deterministically creating two indexes in the same way, we can obtain a
similar slice of graphlets in two networks which contain similarity. Even though the number of distinct graphlets grows

exponentially, the number of graphlets in the deterministic slice only needs to grow linearly.

VI. Discussion + Conclusion

To the best of our knowledge, we are the first to develop a local network alignment algorithm from the ground up
designed to rely solely on topological information. Our algorithm takes an entirely different approach from existing
topology only global alignment algorithms, as we only use local information instead of processing the graph as a whole.
Our algorithm also takes a different approach from existing non topology-only local alignment algorithms, as we use
graphlets as our basic unit of local similarity instead of individual nodes. We utilize a key innovation, a deterministically
generated graphlet index of the network, in order to prune the exponential search space of graphlets. This overcomes
the restrictive runtimes of other graphlet indexes. Additionally, the use of determinism is crucial as it exploits the actual
similarity—if present—among the set of networks in a way that exponentially reduces the search space. Then, we use
numerous other techniques in order to query this index and expand the query results into large, high quality local
alignments. In addition to having independent value, these near-perfect local alignments can also be used in a seed-and-

extend approach to build larger, less perfect local network alignments.

In our companion paper, we demonstrate how local “seed” aligments can be extended to larger local alignments that
are capable of producing predictions of protein function between species that rival or beat state-of-the-art sequence-

based predictions of protein function.
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ENDNOTES

i We determine this fixed number of edges by starting from the beginning of the temporal network and adding edges
one by one until we either hit 20,000 nodes, 400,000 edges, an edge/node ratio of 20:1, or we run out of edges. We
created windows based on nodes/edges instead of times because the distribution of edges over time was far from linear

in many networks. This allows us to create networks at comparable sizes and densities as the [ID networks.
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